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============
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In 2015, Li et al. \[[@CR8]\] considered the following analytic quasi-periodic Hamiltonian system: $$\documentclass[12pt]{minimal}
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In this paper we are going to extend the results of \[[@CR5]\] to the almost-periodic Hamiltonian system ([1](#Equ1){ref-type=""}).

This paper is organized as follows. In Sect. [2](#Sec3){ref-type="sec"}, statement of the main result is given, in Sect. [3](#Sec4){ref-type="sec"} we give some lemmas which are essential for the proof of the main result, in Sect. [4](#Sec5){ref-type="sec"} the first KAM step is given, in Sect. [5](#Sec6){ref-type="sec"} the main result is proved, and finally, in Sect. [6](#Sec10){ref-type="sec"} conclusion of the paper is given.

Definitions and notations {#Sec2}
-------------------------

To state our main result, we need some definitions and notations.

### Definition 1.1 {#FPar1}
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### Definition 1.2 {#FPar2}
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### Definition 1.3 {#FPar3}
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The aim of the study is to develop the reducibility for the almost-periodic non-linear Hamiltonian system ([1](#Equ1){ref-type=""}). To take over the difficulty from the infinite frequency which generates the small divisors problem, we need a stronger norm. Inspired by the works of \[[@CR4], [@CR5]\], and \[[@CR8]\], in this paper, we allow *Q*, *g*, and *h* to be the classes of almost-periodic matrices. Our study is about the reducibility of almost-periodic Hamiltonian systems to \[[@CR4]\] and \[[@CR8]\]. So, the usual LP transformation for KAM iteration should not only be almost-periodic but also symplectic, which preserves the Hamiltonian structure. For this purpose, let us introduce "spatial structure", "approximation function", and some related definitions.

### Definition 1.4 {#FPar4}

(\[[@CR9]\])
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Statement of the main result {#Sec3}
============================

Theorem 2.1 {#FPar12}
-----------
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Some lemmas {#Sec4}
===========

In this section, we will give some results in the form of lemmas which are useful for the proof of Theorem [2.1](#FPar12){ref-type="sec"}.
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---------
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-----
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Proof {#FPar24}
-----
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                \usepackage{wasysym} 
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                \begin{document} $$\begin{aligned}& g^{*}(t)= \frac{1}{\varepsilon^{2}}h(\underline{x},t) + \frac{1}{ \varepsilon}JQ(t) \underline{x}(t), \\& Q^{*}(t)= Q(t) + \frac{1}{\varepsilon}D_{x} h( \underline{x},t), \\& h^{*}(y,t)= h \bigl(\underline{x}(t) +y,t \bigr) - h( \underline{x},t)- JD_{x} h \bigl( \underline{x}(t),t \bigr)y. \end{aligned}$$ \end{document}$$ By Lemmas [3.4](#FPar18){ref-type="sec"} and [3.5](#FPar20){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \big|\!\big|\!\big|g^{*}\big|\!\big|\!\big|_{z-\overline{z},\rho-\overline{\rho}} \leq& c \frac{K}{2 \varepsilon^{2}} |\!|\!|\underline{x}|\!|\!|^{2}_{z-\overline{z},\rho-\overline{ \rho}}+ \frac{1}{\varepsilon} |\!|\!|Q|\!|\!|_{z-\overline{z},\rho-\overline{ \rho}} \\ \leq& c \frac{\Gamma(\overline{z})\Gamma(\overline{\rho})}{\alpha }|\!|\!|{Q}|\!|\!|_{z,\rho} |\!|\!|g|\!|\!|_{z,\rho}+ cK \biggl(\frac{\Gamma(\overline{z}) \Gamma(\overline{\rho})}{\alpha} \biggr)^{2} |\!|\!|g |\!|\!|^{2}_{z,\rho}. \end{aligned}$$ \end{document}$$ □

Lemma 3.8 {#FPar25}
---------
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                \begin{document} $$\begin{aligned} \delta_{m}\leq \bigl[ \bigl(\overline{\gamma}r^{\frac{r}{2-r}} \bigr)^{\frac{\overline{ \gamma}}{2-r}}{\delta_{0}} \bigr]^{2m}. \end{aligned}$$ \end{document}$$ *For the proof*, *see* \[[@CR5]\].

Lemma 3.9 {#FPar26}
---------
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$c_{f}$\end{document}$), *that is*, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert h(u)-h(v) \bigr\vert \leq(C_{f}+\delta)\vert u-v \vert , \qquad \bigl\vert h(u)-h(v) \bigr\vert \geq(c_{f}- \delta) \vert u-v\vert . \end{aligned}$$ \end{document}$$

The proof is elementary.

Lemma 3.10 {#FPar27}
----------
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                \usepackage{amsbsy}
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                \begin{document}$A_{0}(\varepsilon)$\end{document}$ *relies on* *ε* *with constant* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} \bigl\Vert B(\varepsilon_{1})-B(\varepsilon_{2})\bigr\Vert \leq C_{1} L_{A_{0}} \vert \varepsilon_{1}- \varepsilon_{2}\vert , \\ \bigl\Vert B(\varepsilon_{1})-B(\varepsilon_{2})\bigr\Vert \leq C_{1} L_{A_{0}} \vert \varepsilon_{1}- \varepsilon_{2}\vert , \\ \bigl\Vert \lambda_{j}(\varepsilon_{1})- \lambda_{j}(\varepsilon_{2})\bigr\Vert \leq C _{2} L_{A_{0}} \vert \varepsilon_{1}- \varepsilon_{2}\vert , \end{aligned}$$ \end{document}$$ *where* $\documentclass[12pt]{minimal}
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Lemma 3.11 {#FPar28}
----------
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For the proof of Lemmas [3.10](#FPar27){ref-type="sec"} and [3.11](#FPar28){ref-type="sec"}, see \[[@CR5]\].

The first KAM step {#Sec5}
==================
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Proof of the main result {#Sec6}
========================

The proof of Theorem [2.1](#FPar12){ref-type="sec"} {#Sec7}
---------------------------------------------------
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Iteration {#Sec8}
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Measure estimate {#Sec9}
----------------
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The proof of the above remark can be seen in \[[@CR5]\].
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Conclusion {#Sec10}
==========

In this work, we discussed the reducibility of almost-periodic Hamiltonian systems and proved that the almost-periodic non-linear Hamiltonian system ([1](#Equ1){ref-type=""}) is reduced to a constant coefficients Hamiltonian system with an equilibrium by means of an almost-periodic symplectic transformation. The result was proved for a sufficiently small parameter *ε* by using some non-resonant conditions, non-degeneracy conditions, the suitable hypothesis of analyticity, and KAM iterations.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

The authors are grateful to Professor Daxiong Piao for his guidance and useful discussions.

All authors of this research paper have equally participated in the planning, execution, and analysis of this study. All authors read and approved the final manuscript.

This work was supported by the NSFC (grant no. 11571327), NSF of Shandong Province (grant no. ZR2013AM026), and Chinese Scholarship Council, P.R. China (CSC No. 2014GXY552).

Competing interests {#FPar30}
===================

The authors declare that they have no competing interests.
